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Abstract
We study various semiclassical observables in the duality proposed by Guar-
ino, Jafferis and Varela, between a warped AdS4× squashed S6 gravita-
tional solution and a 3 dimensional N = 2 SYM-CSk conformal gauge
theory, deformed from the maximal SU(N) N = 8 SYM. Baryon vertices
corresponding to particle-like branes have unusual behaviour with N and k
and present strong evidence for a certain level-rank duality. Wilson loops
and the anomalous dimensions of operators of high spin scale like (N/k)3/2.
The entanglement entropy behaves like in a usual CFT. Giant magnon op-
erators obey the same law as in 4 dimensional N = 4 SYM, and giant
gravitons are also sub-determinant operators.
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1 Introduction
The AdS/CFT correspondence has proved very successful in obtaining the nonper-
turbative properties of strongly coupled field theories. The best understood is the
one originally studied by Maldacena, the duality of 4 dimensional SU(N) N = 4
SYM vs. string theory in AdS5 × S5, which has been used as a toy model for the
physics of strong interactions, i.e. QCD [1]. On the other hand, in 3 dimensions,
the best understood duality is of the ABJM model vs. string theory in AdS4 × CP3
background [2], which has been used as a toy model for 3 dimensional condensed
matter systems. The ABJM model is an N = 6 superconformal theory with gauge
group SU(N)×SU(N) and Chern-Simons gauge fields, which is why it is more use-
ful for condensed matter than for particle physics. In both SYM and ABJM cases
a very large number of different types of calculations have been performed, due to
the simplicity of the theories, yet in both the theories are very special (they are toy
models), so the applicability of the lessons learned is unclear.
Recently however, a very interesting duality has been proposed in 3 dimensions
by Guarino, Jafferis and Varela, between a fixed point of an N = 2 supersymmetric
SU(N) SYM gauge theory with a Chern-Simons term of level k added and string
theory in a certain warped, squashed AdS4 × S6 background of massive type IIA
theory [3]. The theory is still superconformal, but has less supersymmetry, has an
extra parameter k that forms a ’t Hooft coupling λ = N/k, and has both the SYM
term interesting for particle physics and a CS term at level k that as we will see can
dominate the IR and imply a certain interesting level-rank duality. The theory arises
as a deformation of the maximal N = 8 SU(N) SYM (with adjoint fields) on the
worldvolume of N D2-branes (see also [4]), and the resulting SCFT has been studied
in [5].
The logic that led to the GJV solution was as follows. The four dimensionalN = 8
SO(8)-gauged supergravity [6] arises as a consistent truncation of 11 dimensional
supergravity (low energy of M-theory) on the seven sphere [7,8]. But it was pointed
out in [9–11] that the original de Wit-Nicolai solution [6] is, in fact, just one particular
point in a continuous one-parameter family of solutions, where the parameter ω ∈
[0, π/8] determines the linear combination of the SO(8) electric and magnetic gauge
fields. In this framework, the de Wit-Nicolai solution is purely electric and can be
embedded into the D = 11 supergravity as a consistent truncation. These dyonic
gaugings cannot be embedded in string/M-theory, as recently proved in [12]. A
related symmetry group, namely the ISO(7) = SO(7) ⋉ R7, can be obtained from
SO(8) through a Ino¨nu¨-Wigner contraction [13]. Solutions with this symmetry also
admit dyonic gaugings [10], studied further in [14], and it has been proved [15]
that the purely electric solutions can be embedded into D = 11 supergravity as a
2
consistent truncation on S6 × S1. Moreover, the ISO(7)-dyonically gauged solution
considered by GJV [3] arises as a consistent truncation of massive type IIA solution
on a squashed 6-sphere (shown also in [16]), that we denote by SS5, and preserves up
to N = 3 supersymmetries [3,17–19]. The magnetic coupling constant m is identified
with the Romans mass F0. In fact, this solution has fixed points that uplift to N = 2
AdS4 × SS5. Since the internal space has the topology of a sphere, we expect that
this solution arises as the near horizon geometry of a stack of N D2-branes, with the
Romans mass inducing a Chern Simons term on the brane worldvolume.1
In this paper, we will study the GJV duality from the point of view of various
observables associated with semiclassical string theory objects in the gravity dual.
Static D-branes wrapped on cycles in the geometry correspond, if there are nontrivial
tadpoles, to baryon vertices in the field theory, the (external) quarks corresponding
to long strings that must end on the D-brane. Moving D-branes wrapped on cycles
correspond to giant gravitons (gravitons that polarize into nontrivial D-branes in the
geometry), and correspond to certain subdeterminant operators. Long strings in the
geometry can give Wilson loops, the anomalous dimension of high spin operators and
giant magnon spin chain operators.
The paper is organized as follows. In section two we review the GJV solution,
perform the quantization of the charges, and review the dual field theory. In section 3
we study D-branes on cycles and their gravity duals: baryon operators for the static
branes and determinant operators for moving branes, i.e. giant gravitons, as well
as the gauge coupling on the wrapped branes. In section 4 we study entanglement
entropy from the holographic prescription. In section 5 we study strings in the
geometry, giving Wilson loops and the anomalous dimension of operators of large
spin. In section 6 we study giant magnons from the point of view of both gravity
and field theory, and in section 7 we conclude.
2 Guarino-Jafferis-Varela solution and duality to
SYM-CS
In [3] the authors showed that a consistent truncation of a massive type IIA SUGRA
on the six sphere S6 gives rise to the ISO(7)-dyonically-gauged SUGRA with the
magnetic coupling constant related to the Romans mass. They also showed that this
1A related duality conjecture has been considered in [20], where the authors studied a stack of
D2-branes probing a Calabi-Yau threefold singularity in the massive type IIA supergravity. In this
case, the field theory is an N = 2 Chern-Simons quiver gauge theory U(N)G, where G is the Euler
number of the resolved manifold. The authors in [20] argued that in the low energy, the D2-brane
theory flows to a modification (resolution) of the gravity dual N = 2 AdS4 × SS5 of GJV [3].
3
supergravity solution has a fixed point which uplifts to a new N = 2 AdS4 × SS5
solution, where SS5 is the suspension of S5 and is topologically equivalent to the six
sphere S6 [20].
The fixed point solution [3,20] has metric (in the Einstein frame and the conven-
tions of [21])
ds2IIA = ∆
{
ds2AdS4 +
3
2
dα2 + Ξds2
CP
2 + Ωη2
}
(2.1a)
where ∆ = L2(3+cos 2α)1/2(5+cos 2α)1/8, Ξ = 6 sin2 α/(3+cos 2α), Ω = 9 sin2 α/(5+
cos 2α) and α ∈ [0, π]. Also η = dψ + ω, where ψ ∈ [0, 2π] and J = 1
2
dω is the
Ka¨hler-form of CP2, which is parameterized by the coordinates (λ, θ, φ, σ), we refer
to appendix A for further details. Finally, we write the warp factor in string frame
as
L2string = e
φ/2∆ = L2eφ0/2(5 + cos 2α)1/2. (2.1b)
The determinant of the internal manifold metric
ds2SS5 =
3
2
dα2 + Ξds2
CP2
+ Ωη2 (2.1c)
is
det(GSS5) =
3 Ξ4 Ω
128
sin2 θ sin6 λ cos2 λ . (2.1d)
For fixed ψ and α (with α 6= 0, π to avoid the isolated conical singularities), the
internal manifold has a CP2 space, and for λ = π/2 and fixed σ it has a CP1.
The solution also contains the fields
eφ = eφ0
(5 + cos 2α)3/4
(3 + cos 2α)
(2.1e)
H3 = 24
√
2L2eφ0/2
sin3 α
(3 + cos 2α)2
J ∧ dα (2.1f)
in the NS-NS sector. For later convenience, we write eφ ≡ gαs , eφ0 ≡ gs and γ(α) ≡
(5+cos 2α)3/4
(3+cos 2α)
. With this notation, equation (2.1e) becomes
gαs = gsγ(α) . (2.1g)
We note that the string coupling gαs is maximum at α = π/2 and minimum at α = 0, π
(its derivative with respect to α is positive on the interval [0, π/2] and negative on
the interval [π/2, π]).
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The RR fields are 2
F˜0 = 3
−1/2L−1e−5φ0/4 ≡ m (2.1h)
F˜2 = −
√
6Le−3φ0/4
{
4 sin2 α cosα
(3 + cos 2α)(5 + cos 2α)
J + 3(3− cos 2α)
(5 + cos 2α)2
sinα dα ∧ η
}
(2.1i)
= −
√
6Le−3φ0/4
{
4 sin2 α cosα
(3 + cos 2α)(5 + cos 2α)
J − d
(
3 cosα
5 + cos 2α
)
∧ η
}
(2.1j)
F˜4 = L
3e−φ0/4
{
6vol(AdS4)− 12
√
3
(7 + 3 cos 2α)
(3 + cos 2α)2
sin4 α vol(CP2)
+18
√
3
(9 + cos 2α) sin3 α cosα
(3 + cos 2α)(5 + cos 2α)
J ∧ dα ∧ η
}
(2.1k)
in the R-R sector. Finally, the constants are
L2 ≡ 2−5/83−1g−25/12m1/12 and eφ0 ≡ 21/4g5/6m−5/6 . (2.1l)
Using the definitions of [22], where H3 = dB , F˜2 = dC1 + F˜0B and F˜4 =
dC3+C1∧H3+ F˜02 B∧B, the potentials that generate these p-forms are given by [17]
B = −6L
2eφ0/2
√
2 sin2 α cosα
(3 + cos 2α)
J − 3L
2eφ0/2√
2
sinαdα ∧ η (2.2a)
C1 =
Le−3φ0/4
√
6 sin2 α cosα
(5 + cos 2α)
η ≡ 2a0(α)η (2.2b)
C3 = L
3e−φ0/4
(
6Γ +
6
√
3 sin4 α
(3 + cos 2α)
J ∧ η
)
, (2.2c)
where dΓ = vol(AdS4), then Γ = −13r3 sin ϑdt ∧ dϑ ∧ dϕ. Furthermore, the field
strengths satisfy the Bianchi identity
dH3 =0 (2.3)
dF2 =F˜0H3 (2.4)
dF4 =H3 ∧ F˜2 . (2.5)
More generally, we define the gauge-invariant field strength F˜p as
F˜p =
(
dC −H3 ∧ C + F0eB
)
p
, (2.6)
and we see that the p-forms in the RR-sector are not closed, but satisfy the modified
Bianchi identity dF˜k = H3∧ F˜k−2, that is, the p-forms are closed under the derivative
dH = d−H3∧.
2Observe we correct a typo in the 4-form potential of the original reference [3]. We thank
Georgios Itsios for pointing out this mistake.
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2.1 Quantization of charges
We can consider the most appropriate flux in a supergravity background by the so
called, Page charges [23], defined as follows. Consider the d-closed p-form defined as
F̂p :=
[
e−B ∧
(
F˜0 + F˜2 + F˜4 + F˜6 + F˜8
)]
p
. (2.7)
Then the Page charges Nk ∈ Z are defined by
np :=
1
(2πℓs)p−1
∫
Σp
F̂p , (2.8)
where Σp is a closed space-like p-cycle and ls =
√
α′. In particular,
k ≡ n0 = 2πℓsF0 = 2πℓsm. (2.9)
is an integer that has a simple interpretation in the field theory as a CS level. In
the solution considered in the last section, we have, on a 6-cycle (the whole compact
space)
N ≡ n6 = 1
(2πℓs)5
∫
SS5
(
F˜(6) −B ∧ dC(3) − F˜(0)
6
B ∧ B ∧B
)
, (2.10)
where F˜(6) = −eφ/2 ∗ F˜4, and the Hodge dual is taken with relation to the Einstein
frame metric (2.1a), as the authors of [3] have shown. This integer will correspond to
the rank of the gauge group in the field theory. In fact, these are the quantized charges
that we have associated to the massive supergravity above, and the quantization of
the fluxes implies that
L =
π3/8ℓs
27/4837/24
(kN5)1/24; eφ0 =
211/12π1/2
31/6
1
(k5N)1/6
⇒
L2string =
21/6π
32/3
(
N
k
)1/3
ℓ2s
√
5 + cos 2α . (2.11)
as the authors [17, 20] have shown.
Note that
Lstringe
φ0 =
2πℓs√
3k
[5 + cos 2α]1/4 ⇒ Lstringgαs =
2πℓs
k
5 + cos 2α√
3(3 + cos 2α)
. (2.12)
In [23], the author showed that there are three distinct notions of charges as-
sociated to a given gauge field, namely, Brane charges, Maxwell charges and Page
charges, and only the latter is quantized, as we have seen above.
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Consider, for example, the 4-form field strength F˜4 = dC3 +C1 ∧H3 + F02 B ∧B,
that satisfies the Bianchi identity dF˜4 = H3 ∧ F˜2. The first type of charge is given
by the integral over the space M5 such that ∂M5 = Σ4 of the current
⋆JD4 = dF˜4 −H3 ∧ F˜2 , (2.13a)
that is
QD4 =
1
8π3α′3/2
∫
M5
⋆JD4 , (2.13b)
and this charge is gauge invariant but it is not quantized.
Similarly, we can define charges3 for the D2-branes and D6-branes, through the
following currents
⋆JD6 = dF˜2 − F˜0H3 ⇒ QD6 = 1
2πα′1/2
∫
M3
⋆JD6 (2.14a)
⋆JD2 = dF˜6 −H3 ∧ F˜4 ⇒ QD2 = 1
32π5α′5/2
∫
M7
⋆JD2 , (2.14b)
where F˜6 = − ⋆ F˜4 .
We can define another important charge by regarding the right hand side of the
equation
dF˜ = H3 ∧ F˜ (2.15a)
as a source for the field strength F˜ , so that
dF˜8−p = ⋆JMaxwellDp . (2.15b)
Integrating this equation and using the Stokes theorem, with the appropriate nor-
malization, we find
QMaxwellDp =
1
(2πℓs)7−p
∫
Σ8−p
F˜8−p . (2.15c)
In the Guarino-Jafferis-Varela (GJV) solution, we can easily see that
n6 = Q
Maxwell
D2 −
1
(2πℓs)5
∫
SS5
(
B ∧ dC(3) + F˜(0)
6
B ∧B ∧ B
)
(2.16)
and using the previous results, we find
QMaxwellD2 =
81
√
6π3eφ0/4L5(4− π)
(2πℓs)5
. (2.17)
3Defined as (2πℓs)
7−p
QDp =
∫
M9−p
⋆JDp.
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Under this perspective, there is one more relevant cycle we may consider in the
GJV solution, namely, the 4-cycle parametrized by the coordinates Σ4 = (λ, θ, φ, σ).
We can easily see that this cycle is the CP2 metric multiplied by the factor eφ/2∆Ξ
that vanishes at the points α = 0, π, and since F˜4
∣∣∣
Σ4
also vanishes at these points,
we conclude that the Page charge n4 is zero in this cycle. On the other hand, the
Maxwell charge is not trivial, that is
QMaxwellD4 =
1
(2πℓs)3
∫
Σ4
F˜4
=
3
√
3
8π
L3e−φ0/4
ℓ3s
(7 + 3 cos 2α)
(3 + cos 2α)2
sin4 α .
(2.18)
Furthermore, the Page charges are well defined up to a large gauge transforma-
tions, that shifts the Kalb-Ramond flux
b =
1
2πℓs
∫
Σ2
B (2.19)
by an integer. In fact, since dF˜2 = F˜0H3, we can write
B =
F˜2
F˜0
+ B , (2.20)
where B = −dC1/F˜0 and we can easily verify that F˜0B = −F̂2, so in principle it
should be quantized, but once we consider a 2-cycle Σ2 with legs in the coordinate
α, the integral
∫
Σ2
dC1, vanishes trivially, as well as the Maxwell charge associated
to this cycle [24–27]. In particular, we can write the Kalb-Ramond flux as
b =
2πℓs
n0
(
n2 +Q
Maxwell
D6
)
, (2.21)
and if the Maxwell charge QMaxwellD6 vanishes, the flux b goes with n2/n0.
2.2 Field theory dual
The field theory dual to this gravitational solution was proposed to be the maximal
N = 8 SYM theory in 2+1 dimensions with a single gauge group SU(N), the N
corresponding to the integer in the quantized flux on S6 (the Page charge n6 of the
previous subsection), deformed by Chern-Simons terms with level k related to the
mass parameter m by the relation
m =
k
2πℓs
. (2.22)
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As we saw, k is the same as the Page charge n0 of the previous subsection.
The field theory has 7 adjoint scalars (corresponding to the 7 transverse coor-
dinates to the 2+1 dimensional worldvolume in 10 dimensional string theory), and
8 fermions transforming under the R-symmetry group SO(7). At low energy, an
adjoint scalar dual to a photon completes the fundamental representation of the full
SO(8) R-symmetry group.
The addition of the Chern-Simons term
k
4π
Tr
[
A ∧ F + 2
3
A ∧ A ∧ A
]
, (2.23)
together with additional couplings, can preserve N = 2 supersymmetry, like the grav-
itational solution. The SYM theory in 3 dimensions has a dimensionful coupling, but
the theory flows in the IR to a fixed point with conformal symmetry, corresponding
to the warped AdS4 factor in the gravity dual. In this fixed point, the effective ’t
Hooft coupling is
λ =
N
k
, (2.24)
which must be ≫ 1 for the supergravity approximation to hold in the gravity dual.
Indeed, the curvature in string units is large only if N/k ≫ 1, as can be see from
(2.11).
In N = 2 notation, we have an adjoint vector multiplet (that contains a real
scalar and a complex fermion) and 3 chiral multiplets with complex scalars Z,W, T ,
like the dimensional reduction of the 3+1 dimensional N = 4 SYM, with the same
superpotential,
W = gTr (Z[W,T ]) , (2.25)
but where g has dimension 1/2, so in the IR we must have [φi, φj] = 0. There is also
a conformal potential term for the scalars
Vc =
4π2
k2
Tr
(
[[φ¯i, φi], φ¯k][[φ¯j , φj], φk]
)
. (2.26)
The theory has R-symmetry U(1) × SU(3), with SU(3) rotating the 3 complex
scalars in the chiral multiplets.
The symmetries correspond to the symmetries of the gravity solution. The would-
be SO(7) symmetry of the S6 is also broken by the squashing/fibration to SU(3),
acting on CP2, times U(1), translating ψ, or rather η.
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3 Particle-like branes and their field theory duals
In this section we perform a qualitative analysis of branes wrapped on cycles, that
look like particles from the point of view of the field theory, and their dual intepre-
tation. We will study static D-branes and moving D-branes.
The D-brane action is inversely proportional to the string coupling. If gs would
get large, we would have light D-brane states. But in fact, in [28], the authors argued
that massive type IIA theory cannot be strongly coupled. In the examples considered
in their work, the authors showed that the string coupling gs has two regimes. In
the first regime, gs increases with N as usual in the massless theories, but then it
reaches a second regime where it decreases for large N .
In the GJV solution, we can easily prove that there is no such phase transition,
since the coupling gαs remains bounded,
gαs = e
φ ∼ 1
k5/6N1/6
<
ℓs
Lstring
, ∀ N, k , (3.1)
where from (2.11), Lstring ∼ N1/6k−1/6ℓs (see also (2.12)), and moreover as we said,
must be taken to be≫ ℓs for validity of the supergravity approximation, by imposing
N ≫ k.
3.1 Branes on cycles in the GJV geometry
In this subsection we consider static branes, that will correspond to solitonic opera-
tors in the dual field theory.
We can write the action for a general Dp-brane as the sum of the DBI term and
a WZ term,
SDp = −TDp
∫
dp+1ξe−φ
√
− det(G+ F)− TDp
∫ ∑
p˜
Cp˜ ∧ eF , (3.2)
where F = B + 2πα′F and T−1Dp = (2π)pℓp+1s . It has been shown in [29] that in the
presence of Romans mass, we need to add the WZ term for F0,
SDpm = TDpF0
∫ ∑
r=0
(2πα′)r
ω02r+1
(r + 1)!
∣∣∣∣∣
p+1
=
kT
(2π)pα′p/2
∫ ∑
r=0
(2πα′)r
ω02r+1
(r + 1)!
∣∣∣∣∣
p+1
,
(3.3)
where ω02r+1 is a Chern-Simons form, such that dω
0
2r+1 = tr(F )
r+1 ⇒ ω02r+1 =
tr (A ∧ F r), and in the second expression we have used that F0 = n0T
√
α′ ≡ kT√α′,
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where T = 1/(2πα′) is the string tension and F = dA. We consider just an abelian
(U(1)) field strength F .
D0-branes
We start with the analysis of D0-branes, which therefore need not be wrapped on
cycles, since they are already particle-like. The D0 brane action develops a tadpole
from the WZ term (3.3), namely
SD0m = −TD0F0
∫
R
dtAt = −n0T
∫
dtAt . (3.4)
That means that we need to add k fundamental strings ending on the D0-brane. In
principle, there is also the leading term in the WZ part,
∫
Σ
C1, but since C1 has no
component along dt, corresponding to Σ = Rt, for a static D0-brane as we consider
here, this contribution vanishes.
Moreover, from the DBI action
SDBI = −TD0
∫
R
dt e−φ
√
|Gtt| , (3.5)
we easily see that the brane mass4 is
MD0(α) =
TD0
gαs
∼ TD0(Nk5)1/6γ(α)−1. (3.6)
Since as we saw, the string coupling gαs is maximal at α = π/2, where it takes the
value eφ0
√
2, the D0-brane will stabilize at this value of α, that minimizes its energy,
giving
MD0 = TD0k
(
N
k
)1/6
31/6
217/12π1/2
√
π
. (3.7)
In conclusion, this D0-brane needs k fundamental strings to end on it.
D6-branes
The D6-brane wrapping the whole internal space SS5 develops a tadpole due to
the WZ coupling
SWZD6 = −TD6
∫
R×SS5
F̂6 ∧ A = −NT
∫
R
dtAt , (3.8)
thus we need N fundamental strings ending on this brane. The leading WZ coupling
for the D6-brane would come from C7 integrated over the compact space, where
4Given a static Dp-brane wrapping a p-cycle Σ with a vanishing WZ term, its mass is given
by the DBI term, MDp = TDp
∫
Σ
g−1s
√
detΣ(G+ F), where detΣ means the determinant along the
p-cycle Σ.
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F˜8 = dC7−H3∧C5+ ... = −eφ/2F˜2, but since F˜2 has only components in the compact
dimensions, F˜8 is nonzero only when it has at least two non-compact directions. The
same is true for the terms H3∧C5+ ..., which means that the integral of C7 over the
compact space and time is zero.
The mass of the D6-brane is then given by
MD6 = TD6
∫
d6ξe−φ
√
G6 =
√
3
2
π3TD6
∫ π
0
dα
√
ΩΞ2L6string
eφ
∼ (TD6α′3)N
7/6
k1/6
,
(3.9)
where G6 is the determinant of the internal manifold in (2.1a). More precisely, one
obtains (also taking into account that TD6(2π
√
α′)6 = TD0)
MD6 = TD0N
(
N
k
)1/6
35/3
259/12
√
π
∫ π
0
dα sin5 α
(5 + cos 2α)1/4
3 + cos 2α
. (3.10)
An observation about the calculation in (3.9) is that the warp factor Lstring is
α-dependent, and since we still have one factor Lstring from the component Gtt in the
metric, the Dirac-Born-Infeld is not the product of (3.9) and the time integration of√
Gtt. Moreover, for the sake of simplicity, we have ignored the B-field.
Bound state of D0-branes and D6-branes
Considering a bound state consisting on p D0-branes and q D6-branes, the tadpole
is
(pk + qN)
∫
A , (3.11)
and this term vanishes when p = −N
k
q. The leading term in the WZ piece is zero,
as we just saw, so the mass of this system is
MD0−D6 =
√
p2M2D0 + q
2M2D6. (3.12)
In the case of p ∼ q and N ≫ k needed for the validity of the supergravity approxi-
mation, we can write
MD0−D6 ≃ qMD6 ∼ q
L6string
gs
∝ qN
(
N
k
)1/6
. (3.13)
But in general, the formula is symmetric under the interchange of MD0 with MD6
and p with q.
D2-branes and D4-branes
In addition, we see that D2-branes and D4-branes are tadpole free, since if we
consider that D2-branes on CP1 ⊂ CP2 and D4-branes on CP2, the α-dependent
Wess-Zumino terms ∫
CP
1×Rt
dC1 ∧ A and
∫
CP
2×Rt
dC3 ∧A (3.14)
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will be zero at the minimum. Indeed,∫
CP
1
dC1 = a0(α)
∫
CP
1
2J = −2πa0(α) ∝ sin2 α cosα∫
CP
2
dC3 = 12
√
3L3e−φ0/4
sin4 α
3 + cos 2α
∫
CP
2
J ∧ J ∝ sin4 α , (3.15)
so are both minimized by α = 0, where they take the value zero. In the absence of
magnetic flux, these are the only tadpoles that could appear.
The leading term in the WZ piece for the D2-brane, coming from
∫
C3, is trivially
zero, but can be made nonzero by considering a moving trajectory, η = η(t) (so that
the rest is
∫
CP
1 J = −π). The leading term in the WZ piece for the D4-brane, coming
from
∫
C5, is also trivially zero, but can be made nonzero by a moving trajectory,
again η = η(t) (or rather, ψ = ψ(t)). We will analyze these later.
Branes with worldvolume magnetic flux
Instead, we can consider a worldvolume magnetic flux given by F = N J in
S2 ≡ CP1 ∈ CP2, where J is the Ka¨hler form of CP2, at fixed λ, and N ∈ 2Z,
see [30–32]. For now, we ignore the subtle issue of the Freed-Witten anomaly [33,34].
The D2-brane wrapping CP1, for any α (including α = 0), develops the coupling
(from the
∫
F0 ∧ F ∧ A WZ term)
−kN
2
T
∫
R
dtAt , (3.16)
where we have used the fact that
∫ J = −π in CP1, so that now kN /2 fundamental
strings are required to cancel this tadpole.
The magnetic flux also induces a dissolved D0-brane charge of N from the usual
WZ coupling
TD2
∫
CP
1
F ∧
∫
Rt
C1 = −NT
∫
Rt
C1. (3.17)
Moreover, the DBI term in the mass of the D2-brane wrapping the squashed
space C˜P
1
is
MD2(α) =
TD2
gαs
∫
C˜P
1
√
det(Gαβ + 2πα′Fαβ)
=
πTD2
2gαs
∫ π
0
dθ
√[
(Ξ2 − ΞΩ)L4string + (πα′N )2
]
sin2 θ + L4stringΞΩ ,
(3.18a)
which is an elliptic integral. For the sake of simplicity, we ignore Ω , then
MD2(α) =
TD2
gαs
∫
CP
1
√
det(Gαβ + 2πα′Fαβ)
=
πTD2
gαs
(
Ξ2L4string + (πα
′N )2
)1/2
,
(3.18b)
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and we see that the mass of the brane has the usual term related to the brane
wrapping an internal cycle, and a shift related to the magnetic charge N . The first
(flux-independent) term is proportional to
sin4 α(5 + cos 2α)1/4 , (3.19)
so at N = 0, the whole mass (WZ term plus DBI) is minimized by α = 0, at value
M = 0. The second term however, is proportional to
3 + cos 2α
(5 + cos 2α)3/4
, (3.20)
which is minimal at α = π/2 and maximal at α = 0. Together, at N 6= 0, the mass
of the D2-brane (DBI plus vanishing WZ term) is minimized at α 6= 0, for a nonzero
mass.
The D4-brane wrapping the CP2 cycle at nonzero magnetic flux has a tadpole
coming from
−kN
2
8
T
∫
R
dtAt , (3.21)
and we need kN 2/8 fundamental strings to cancel this tadpole. Observe that now we
cannot guarantee that kN 2/8 is an integer, since N 2 ∈ 4Z. Similar to what occurs
in the analysis [31], this suggests that a fractional number of fundamental strings
should be added to the D4-brane worldvolume to cancel this tadpole. Moreover, we
have a shift in the value of the D4-brane mass due to the magnetic field F = NJ ,
giving
MD4(α) =
π2TD4
2gαs
(
Ξ2L4string + (πα
′N )2) , (3.22)
where we have deliberately ignored the squashed term Ω in the metric 5. Exactly the
same comments as for the D2-brane case apply for the minimization with respect to
α.
The D4-brane on CP2 also has an induced dissolved D2-brane charge coming from
the WZ term
S = 2πTD4
∫
Rt×CP2
C3 ∧ F = N
2
TD2
∫
C3 (3.23)
5In fact, the complete expression has the square root of the following determinant
det(G+ 2πα′F ) =
1
128
sin2 θ sin6 λ
(
L4stringΞ
2 + π2α′2N 2)×
× [cos 2λ (L4stringΞ(Ξ − Ω) + π2α′2N 2)+ L4stringΞ(Ξ + Ω) + π2α′2N 2] .
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and a dissolved D0-brane charge coming from the WZ term
S =
1
2
(2π)2TD4
∫
Rt×CP2
=
N 2
8
DD0
∫
Rt
C1. (3.24)
Finally, the D6-brane does not have any tadpole related to the Romans mass
F0, since J ∧ J ∧ J = 0. The reader should compare this result with [31], where the
Romans mass contributes to the tadpole in a deformation of the ABJM theory [35].
On the other hand, the DBI contribution to the mass of the D6-brane is given by
MD6 = TD6
∫
d6ξe−φL2string
√
det(GSS5)
Ξ2
(
L4stringΞ
2 + (πα′N )2) , (3.25a)
where det(GSS5) is the determinant (2.1d), so
MD6 =
√
3
8
√
2
TD6
∫
d6ξe−φ
√
ΩL2string cos λ sin
3 λ sin θ
(
L4stringΞ
2 + (πα′N )2)
=
√
3
2
π3TD6
∫ π
0
dα
√
ΩL2string
gαs
(
L4stringΞ
2 + (πα′N )2) , (3.25b)
and we see that the magnetic flux shifts the mass of the D6-brane wrapping the
internal manifold. Moreover, now we have an integration over α, so we don’t need
to minimize with respect to it. The contribution of the WZ term
∫
C7, where F˜8 =
−eφ/2F˜2, is zero, since C7 doesn’t have a term that covers the whole compact space
(and time). Therefore the mass is given entirely by the DBI term.
In this case again there are induced dissolved D-brane charges, D2-brane charge
coming from
1
2
TD6
∫
C3 ∧ F ∧ F , (3.26)
but no D0-brane charges, since
TD6
∫
C1 ∧ F ∧ F ∧ F = 0 (3.27)
gives zero (J ∧ J ∧ J = 0).
3.2 Field theory dual: baryon operators
We would like to understand what these particle-like branes with strings ending on
them mean from the point of view of the dual field theory.
We start by summarizing the results for the various branes we have found, in
table (1).
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Dp-branes Mass MDp q = # Strings
D0-branes TD0/g
α
s k
D2-branes πTD2
(
Ξ2L4string + (πα
′N )2)1/2 /gαs kN /2
D4-branes π2TD4
(
Ξ2L4string + (πα
′N )2) /2gαs kN 2/8
D6-branes
√
3/2π3TD6/gs
∫
dα
√
ΩL2string
γ(α)
(
L4stringΞ
2 + (πα′N )2) N
Table 1: Branes configurations.
The static solitonic branes with strings attached to them correspond to baryon
vertex operators (when introducing external quarks in the theory), as understood
first by Witten [36] in the context of the D5-brane wrapping S5 in AdS5 × S5 for
N = 4 SYM. More precisely, in that case for the gauge group SU(N), one could
construct the baryon
BI1...IN = ǫi1...iNq
i1I1 ...qiNIN , (3.28)
and the external (heavy) quarks qikIk correspond to long strings coming from the
boundary and reaching the brane. The mass of the brane (3.10) corresponds to
the mass of the baryon with the quark masses subtracted, i.e. the baryon vertex
operator.
The field theory dual to the GJV solution is also a SU(N) SYM theory, though
now with a CS term at level k. As such, we again expect the presence of the same
baryon vertex constructed using the ǫi1...iN tensor. We indeed find this from the
D6-brane wrapped over the compact space, which indeed corresponds in the T-dual
type IIB theory to the D5-brane wrapped over the compact space.
The D2-brane and D4-brane baryons are harder to understand, but they appear
only in the presence of magnetic flux, so they represent some interesting dynamical
objects, that should be studied further.
Also the D0-branes, giving a baryon made up of k external quarks, are harder
to understand from the point of view of the SU(N) gauge theory. But it is known
that many Chern-Simons gauge theories have level-rank duality, as reviewed, derived
and extended in the recent paper [37]. In certain cases, an SU(N)k theory is dual
to an SU(k)N theory [38,39], or even in the case of U(N)k we can have a duality to
U(k)N [40]. In [37], a duality valid in general was proposed between a SU(N) theory
at level k and an U(k) theory at level −N .
In our case, the theory contains other fields besides the gauge fields, and also
a SYM term, not just the CS term (the SYM term however is subdominant to
the CS term at low energies), so the physics is not very clear, but we would ex-
pect from the level-rank dual formulation to have at the very least a baryon con-
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structed with the ǫi1...ik tensor. Moreover, the mass of this baryon vertex must match
(3.7). An interesting observation is that both (3.7) and (3.10) are proportional to
TD0(N/k)
1/6 = TD0λ
1/6, whereas the D0-brane mass is proportional to k and the
D6-brane mass with N . This suggests that level-rank duality certainly plays a role,
in exchanging the N and k prefactors, whereas the coupling dependence stays the
same λ1/6, and is not inverted as naive replacing of N with k would suggest.
Finally, we have also bound states of the D0-branes and D6-branes, giving new
bound states of the two types of baryon vertices. Again from the point of view of
the field theory, we have evidence of level-rank duality, when we exchange N with k,
p with q, while leaving λ = N/k invariant, as seen in (3.12). The case of p = −N
k
q
(the minus sign signifies considering anti-baryons) is very interesting: in this case
there is no tadpole, so it would seem like we don’t need external quarks, but rather
have a solitonic object composed of only glue, and yet with the symmetry properties
of a combination of baryons. Unlike the case of a usual N -baryon/N -antibaryon
combination, where the result would be annihilation, in this case the bound state
would seem to be stable, which is quite unusual.
We see that we have strong evidence for level-rank duality in the field theory and,
since such a relation is expected for our theory, this also is strong evidence for the
correct identification of the field theory dual to the gravitational GJV solution.
Another observation is that it is expected that the external magnetic flux breaks
the level-rank duality, and indeed we see that the D2 and D4 baryonic vertices are
not level-rank dual to each other (or to themselves).
3.3 Brane stability and operator bounds
Now we try to proceed as in [30,31] and analyze the dynamical stability of the brane
configurations of subsection (3.1). This will give bounds on the magnetic fluxes, that
can be reinterpreted as bounds on the dissolved charges (since those depend only on
N , as we saw).
We want to consider the system of a Dp-brane wrapping the p-cycle and q fun-
damental strings necessary to cancel the tadpole, that is
S = SDp + SqFS , (3.29)
where we consider the string at fixed α, defined by the minimum in the mass of the
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Dp-brane, αmin.
6
SDp = −MDp
∫
dt Lstringu ≡ −MLDp
∫
dt u (3.30a)
SqFS = −qTL2string|α,min.
∫
dxdt
√
u4 + u′2 (3.30b)
and we have considered a string configuration with x = −σ, t = τ and u = u(σ).
There are two contributions to the equations of motion of this system, one from the
bulk and another from the boundary [41–43]. These equations are, respectively,
∂σ
∂L
∂x′
= 0 ⇒ u
4
√
u4 + u′2
= c0 (3.31a)
Boundary ⇒ u
′
0√
u40x
′2
0 + u
′2
0
=
MLDp
L2string,α,min.qT
. (3.31b)
We define
√
1− β2 ≡ M
L
Dp
L2string,α,min,qT
⇒ β =
√√√√1−( MLDp
L2string,α,min.qT
)2
, (3.32)
so that we write the equations of motion for the Dp-brane q-strings as one single
equation
u4√
u4 + u′2
= βu20 . (3.33)
Integrating this equation, we find the size of the brane configuration,
lwb =
1
u0
∫ ∞
1
dy
β
y2
√
y4 − β2 , (3.34)
where y = u/u0. This equation is similar to the equations in [30,31], and the integral
is solved in terms of hypergeometric functions.
D0-brane
Consider first the D0-brane. Reality of the function (3.32) implies
0 <
MLD0
Lstring,α,min.qT
=
2πℓs
gαs,min.kLstring,α,min.
< 1 , (3.35)
but this is always satisfied, because from (3.1) we have
1 >
ℓs
gαs Lstring,α
>
2πℓs
gαs Lstring,αk
. (3.36)
6In the D6-brane case, the extra Lstring must be included in the integral overα defined in MD6.
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Consider next D2-branes and D4-branes with worldvolume magnetic flux.
D2-brane
Neglect the squashed term Ω in the metric. For the D2-brane, with q = kN /2,
reality of β in (3.32) implies
MD2
Lstring,α,min.T
<
kN
2
, (3.37)
which gives, since πTD2/T = 1/(4πα
′),(
ΞLstring,α,min.
2ℓsgαs,min.
)2
+
(
kN
2
)2(√
3(3 + cos 2αmin.)
2(5 + cos 2αmin.)
)2
<
(
kN
2
)2
, (3.38)
which is a lower bound on q = kN /2, or (at fixed k) on the dissolved charge N .
Parametrically, we obtain
(kN )2 > O[N2/3k4/3]⇒ N > O
[(
N
k
)1/3]
. (3.39)
In [30,31], the authors showed that the there are stable D2-brane configurations in the
presence of magnetic flux N until some upper bound, interpreted as an upper bound
on dissolved charges, related to the stringy exclusion principle. In the case (3.38)
however, we have a lower bound,which means that stability of this configurations
implies the presence of a minimum magnetic flux on the brane worldvolume.
D4-brane
A similar situation occurs for the D4-brane, with q = kN 2/8. Stability of the
configuration requires that β in (3.32) is real, which implies
MD4
Lstring,α,min.T
<
kN 2
8
. (3.40)
This in turn gives
1
2
[
Ξ2L3string,α,min./ℓ
3
s
8πgαs
+
kN 2
8
√
3(3 + cos 2αmin.)
2(5 + cos 2αmin.)
]
<
kN 2
8
, (3.41)
which is again a lower bound on q = kN 2/8, or (at fixed k) on the dissolved D0-brane
charge N 2/8. It is then also a lower bound on the magnetic flux on the worldvolume
that makes the D4-brane stable, parametrically also
kN 2 > O[N2/3k1/3]⇒ N > O
[(
N
k
)1/3]
. (3.42)
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D6-brane
Finally, we consider the case of D6-branes, with q = N . In this case there is a
small difference: the coordinate α is integrated over on the D6-brane worldvolume,
but the strings need to be at given α. Minimizing their action means that their
L2string factor must be minimum, i.e. for α = π/2, when
Lstring(π/2)gs =
2πℓs
k
√
2
3
. (3.43)
The stability bound is again the reality of β, which gives
MLD6
L2string(π/2)T
=
MD6
Lstring(π/2)T
< N , (3.44)
and is rewritten as
k
(2πℓs)6
π3
∫
dα
√
ΩL2string
γ(α)
[L4Ξ2 + (πℓsN )2] < N. (3.45)
This is now really an upper bound on the magnetic flux N , or more precisely
on the induced dissolved D2-brane charge ∼ N 2, just like in [30, 31]. In order of
magnitude, we obtain
k
[
O
(
N
k
)
+N 2O
((
N
k
)1/3)]
< N ⇒ N 2 < O
[(
N
k
)2/3]
. (3.46)
In conclusion, we see that D0-branes are always stable, but the regions of stability
of the D2-branes and D4-branes, and of the D6-branes are parametrically opposite:
N > O[(N/k)1/3] and N < O[(N/k)1/3], respectively. There might be a window for
all of them to be stable, depending on the exact numerical factors, which one would
have to compute numerically.
3.4 Reducing the number of fundamental strings
Following [32, 41] we can consider a configuration with a reduced number r of fun-
damental strings going to the boundary, the rest of the strings (up to the number
required to cancel the tadpole) can go to the IR of the gravity solution. In holo-
graphic terms, this means that the baryons we consider have less quarks than the
baryons of the previous subsections.
Using the conventions of [32], the configuration we consider consists of a Dp-brane
wrapped on a p-cycle and located at u = u0 in the radial direction. In addition, we
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consider l strings stretching from u0 to the boundary of AdS4 (parametrized in polar
coordinates) and (q − l) straight strings stretching from u0 to u = 0. The action is
given by
S = SDBI + SlFS + S(q−l)FS (3.47)
where
SDpDBI = −MLDp
∫
dtu (3.48a)
SlF1 = −lTF1L2string
∫
dtdu
√
1 + u4r′2 (3.48b)
S(q−l)F1 = −(q − l)TF1L2string
∫
dtdu . (3.48c)
The equation of motion for the l strings implies that
r′ =
u˜2
u2
√
u4 − u˜4 , (3.49)
where 0 ≤ u˜ ≤ u0 is the turning point of each string, and we see that at the turning
point r′ →∞. Moreover, as in [32], the boundary equation can be written as
1
a
√
1− β˜2 + 1
a
(1− a) =
√
1− u˜
4
u40
≤ 1 (3.50)
where a = l/q and √
1− β˜2 = M
L
Dp
L2stringTF1q
≤ 1 , (3.51)
and this bound must be satisfied in order to get a stable configuration. Moreover,
from the boundary equation (3.50) we conclude that
l ≥ q
2
(√
1− β˜2 + 1
)
(3.52)
and this bound defines the minimum value of quarks to create a stable baryon in
the field theory. Furthermore, from the table 1 we see that fundamental strings
attached to D2-branes and D4-branes are possible just in the presence of magnetic
field, therefore, the condition (3.52) also depends on the magnitude of the magnetic
field on the brane worldvolume. We can easily see that for β = 0, that occurs when
MLDp = L
2
stringTF1q, the quark configurations are made of q-quarks, and the results
reduce to what we obtained in the previous subsection.
Moreover, using (3.49) we can easily show that the size of this configuration is
lwb =
u˜2
u30
∫ ∞
1
dz
1
z2
√
z4 − u˜4
u40
, (3.53)
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where z = u/u0, and similarly to (3.34), this result can be integrated in terms of
hypergeometric functions, giving as there
lwb =
u˜2
u30
2F1
(
1
2
,
3
4
,
7
4
;
u˜4
u40
)
. (3.54)
3.5 Giant gravitons: gravity calculation
Giant gravitons in a gravitational solution correspond to solitonic states, obtained by
wrapping D-branes on cycles in the geometry, which are therefore extended states,
that are moving in a direction transverse to the cycle, and that are degenerate in
energies with graviton states. A proper treatment of the giant gravitons will take a
separate paper, so here we will just sketch the main points.
The GJV gravity solution with metric (2.1a) is a solution of massive type IIA
string theory, and we saw that there are wrapped D2-branes and D4-branes that are
tadpole-free (in the absence of magnetic flux), thus could be interpreted as as giant
gravitons. Moreover, we have already said that we could obtain a nonzero mass (by a
nonzero WZ term) for a moving brane, whereas the static brane will have vanishing
mass. This is exactly the giant graviton case.
1. We can obtain a standard kind of giant graviton by wrapping a D2-brane on
an S2. The AdS4 metric to be considered is
ds2AdS4 = −(1 + r2)dt2 +
dr2
1 + r2
+ r2dΩ22, (3.55)
where dΩ22 = dϑ
2+sin2 ϑdϕ2 parametrizes the two sphere S2, on which the D2-brane
is wrapped.
2. Another type of giant graviton is obtained by wrapping a D2-brane on an
CP
1 = S2 inside the compact geometry. We can consider the S2 = CP1 ⊂ CP2
defined by J . By considering the leading WZ term ∫ C3 in the case when η = η(t),
we will obtain a nonzero contribution to the mass, proportional to
sin4 α
3 + cos 2α
η˙ , (3.56)
but the DBI term for the moving brane will also be modified.
3. Yet another type of giant graviton will be obtained by considering D4-branes
wrapping the CP2. Again, the leading WZ term in
∫
C5 for η = η(t) will give a
nonzero contribution to the mass (note that F˜6 = −eφ/2 ∗ F˜4),
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3.5.1 D2-brane on S2 ⊂ AdS4
We consider the metric (3.55) for the AdS4 space, with the sphere S
2 parametrized
by (ϑ, ϕ). The ansatz for the giant gravitons is given by
ξ0 = t , ξ1 = ϑ , ξ2 = ϕ , ψ = ψ(t) , (3.57)
and we set λ = π/2 and α = π/2. We study the giant gravitons dynamics following
the well known recipe [44–46], in particular, giant gravitons in the GJV solution
are similar to the configurations considered in the ABJM case [47–49]. The induced
metric on the brane is
ds2D2 = L
2
string
[(
9
4
ψ˙2 − (1 + r2)
)
dt2 + r2dΩ22
]
(3.58)
and the DBI plus WZ action is
SD2 = −4πTD2
L3string
gαs
∫
dt
(
r2
√
1 + r2 − χ˙2 − r3
)
(3.59)
where we have defined χ ≡ 3
2
ψ. When we write the momentum Pχ as
Pχ =
4πTD2L
3
string
gαs
r2χ˙√
1 + r2 − χ˙2 ≡
4πTD2L
3
string
gαs
p (3.60)
and the Hamiltonian is simply
H = 4πTD2L
3
string
gαs
(√
(1 + r2)(p2 + r4)− r3
)
(3.61)
and this functional has two minima, with H = Pχ, namely r = 0, p and the latter we
call giant graviton. Furthermore, if we insert the giant graviton into (3.60) we find
χ = t, so that the angular velocity χ˙ equals the speed of light.
As a technical detail, one may notice that the giant gravitons in [47,48] move in
a circle S1 ⊂ CP3 parametrized by the coordinate σ in the Fubini-Study metric
dsCP3 =dλ
2 +
1
4
sin2 λ(dθ2 + sin2 θdφ2) +
1
4
cos2 λ(dθ˜2 + sin2 θ˜dφ˜2)
+
1
4
cos2 λ sin2 λ(dσ + cos θdφ − cos θ˜dφ˜) ,
(3.62)
that has a subspace CP2 for constant (θ˜, φ˜). Therefore, in order to have a proper
identification of the giant graviton of this section with the giants of [47,48], we must
consider the motion confined in the coordinate σ, instead of ψ, in squashed 6-sphere
of the GJV solution. The derivation is isomorphic to what we have done so far, so
we will not repeat the calculations.
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3.5.2 D2-brane on the squashed S2 ⊂ SS5
When we consider that the D2-branes wraps a two sphere inside the internal space
SS5 defined by (2.1c), the calculations are more involved because of the non-diagonal
terms in the metric, but the idea is essentially the same, with one remarkable differ-
ence, the role of the angular coordinates, as we will see below.
The ansatz is given by
ξ0 = t , ξ1 = θ , ξ2 = φ , ψ = ψ(t) , (3.63)
and we set r = 0 and constant λ and σ. The induced metric on the brane is
ds2D2 = L
2
string
[
(Ωψ˙2 − 1)dt2 + Ξ sin
2 λ
4
dθ2 + 2Ω
ψ˙ sin2 λ cos θ
2
dtdφ
+
sin2 λ
4
[
Ξ(sin2 θ + cos2 λ cos2 θ) + Ω sin2 λ cos2 θ
]
dφ2
]
,
(3.64)
and the Dirac-Born-Infeld action reads
SDBI = −
TD2L
3
stringπ
2gαs
∫
dθdt sin2 λ
√
Ξ(Ξ cos2 θ cos2 λ+ Ξ sin2 θ + Ωcos2 θ sin2 λ) ×
×
√
1− (Ξ cos
2 θ cos2 λ+ Ξ sin2 θ − 3Ω cos2 θ sin2 λ)
(Ξ cos2 θ cos2 λ+ Ξ sin2 θ + Ωcos2 θ sin2 λ)
Ωψ˙2 . (3.65)
The θ-integration can be carried out easily and gives an expression in terms of elliptic
functions. But in order to to avoid unnecessary complications, we will keep it as it
is. Together with the Wess-Zumino term
SWZ = −
TD2L
3
stringπ
gαs
∫
dθ sin θ
∫
dt sin2 λ
3
√
3
(3 + cos 2α)2
sin4 αψ˙ , (3.66)
we have the D2-brane action
SD2 = −
∫
dθ
∫
dt
(
f(α, λ; θ)
√
1− g(α, λ; θ)ψ˙2 − h(α, λ; θ)ψ˙
)
(3.67)
where we write the action in terms of the functions f(α, λ; θ), g(α, λ; θ) and h(α; θ)
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given by
f(α, λ; θ) =
TD2L
3
stringπ
2gαs
sin2 λ
√
Ξ(Ξ cos2 θ cos2 λ+ Ξ sin2 θ + Ωcos2 θ sin2 λ)
≡ f0(α) sin2 λ
√
f1(α; θ) cos2 λ+ f2(α; θ) (3.68)
g(α, λ; θ) =
Ω(Ξ cos2 θ cos2 λ+ Ξ sin2 θ − 3Ω cos2 θ sin2 λ)
(Ξ cos2 θ cos2 λ+ Ξ sin2 θ + Ωcos2 θ sin2 λ)
≡ g1(α; θ) cos
2 λ+ g2(α; θ)
f1(α; θ) cos2 λ+ f2(α; θ)
(3.69)
h(α, λ; θ) = −TD2πL
3
string sin θ
gαs
3
√
3
(3 + cos 2α)2
sin4 α sin2 λ ≡ h1(α; θ) sin2 λ . (3.70)
For the sake of simplicity, we assume that λ = π/2.
With these definitions, the momentum (up to a θ-integration) is
Pψ =
gfψ˙√
1− gψ˙2
+ h , (3.71)
which we can invert to write ψ˙ in terms of Pψ, as
ψ˙ =
Pψ − h√
(fg)2 + g [Pψ − h]2
. (3.72)
The Hamiltonian becomes
H = Pψψ˙ − L
=
1
g
√
g(Pψ − h)2 + f 2g2 .
(3.73)
Writing down explicitly the equation ∂αH ≡ H′ = 0, we have
−2g′H2 + 1
g
[
g′(2f 2g + (Pψ − h)2)− 2g(Pψ − h)h′ + 2g2ff ′
]
= 0 , (3.74)
and solving the condition for the angle α that follow from this equation, we find the
pointlike and giant gravitons solutions.
The solution that corresponds to the pointlike graviton is given by sinα cosα = 0.
Since α = 0, π are isolated conical singularities, the system is not well defined at these
points. We set α = π/2 for the pointlike gravitons. For the giant graviton solution,
we must solve the equation ∂αH = 0, for α 6= π/2, that gives an algebraic equation
which must be solved for X = sin2 α.
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The non-diagonal terms in the metric make the explicit verification of these al-
gebraic conditions very involved. For simplicity then, we consider a dielectric brane,
such that the electric field is conveniently chosen to cancel the non-diagonal terms of
the metric [50]. In this somewhat contrived case, the D2-brane action (3.67) reduces
to
SD2 = −
∫
dθ
∫
dt
(
f(α, λ; θ)
√
1− Ωψ˙2 − h(α, λ; θ)ψ˙
)
, (3.75)
with momentum
Pψ =
fΩψ˙√
1− Ωψ˙2
+ h ⇒ ψ˙ = Pψ − h√
(fΩ)2 + Ω(Pψ − h)2
, (3.76)
and energy given by
H = 1
Ω
√
(fΩ)2 + Ω(Pψ − h)2 , (3.77)
that is equivalent to the replacement g → Ω in the Hamiltonian (3.73). In this case
the pointlike gravitons have again α = π/2.
3.5.3 D4-brane on the squashed CP2 ⊂ SS5
Finally, we consider a D4-brane wrapping the whole squashed complex projective
space CP2, so the induced metric on the D4-brane is
ds2D4 = L
2
string
{
(−1 + Ωψ˙2)dt2 + 2Ωψ˙ sin
2 λ
2
(dσ + cos θdφ)dt + Ξ
sin2 λ
4
dθ2 + Ξdλ2
+
sin2 λ
4
[
Ξ sin2 θdφ2 + (Ξ cos2 λ+ Ωsin2 λ)(dσ + cos θdφ)2
]}
.
(3.78)
It gives the Dirac-Born-Infeld action
SDBI = −f˜(α)
∫
dtdλ sin3 λ
√
Ω(1 − cos 2λ) + Ξ(1− Ωψ˙2)(1 + cos 2λ) , (3.79)
where
f˜(α) = TD4
√
2L5stringπ
2Ξ3/2
gαs
. (3.80)
Given the 6-form RR field F˜6 defined by F˜6 = −eφ/2 ∗ F˜4, its restriction to SS5 is
F˜6
∣∣∣∣
SS5
= −
(
3L3e−φ0/4
4
√
3
2
∆
√
ΩΞ2eφ/2 sin3 λ cosλ sin θ
)
dαdψdθdλdφdσ (3.81)
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where the wedge product of forms is implicit. We may write this expression as
F˜6
∣∣∣∣
SS5
= dCSS
5
5 , (3.82)
where
CSS
5
5 = −
(
81L5eφ0/4
√
3
2
A(α) sin3 λ cosλ sin θ
)
dψdθdλdφdσ (3.83)
and
A(α) =
∫
dα
sin5 α
(3 + cos 2α)2
=
1
2
arctan(cosα)− cosα
4
− cosα
3 + cos 2α
. (3.84)
Therefore, the Wess-Zumino term for a D4-brane wrapping the squashed space
CP
2 is
SWZ = −TD4
∫
CSS
5
5 = g˜(α)
∫
dtdλ sin3 λ cosλψ˙ , (3.85)
where we have defined g˜(α) = 324TD4
√
6π2eφ0/4A(α). Finally, the D4-brane action
is simply
SD4 = −
∫
dtdλ
(
f˜(α) sin3 λ
√
Ω(1− cos 2λ) + Ξ(1− Ωψ˙2)(1 + cos 2λ)
−g˜(α) sin3 λ cosλψ˙
)
.
(3.86)
We leave the λ-integral untouched, since the result is quite complicated. Therefore,
the Hamiltonian (up to a λ-integration) is
H =
√
Ξ(1 + cos 2λ) + Ω(1 − cos 2λ)
ΞΩ(1 + cos 2λ)
×
×
√
f˜ 2 sin2 λΞ2Ω2(1 + cos 2λ)2 + ΞΩ(Pψ − g˜ sin3 λ cosλ)2 ,
(3.87)
and again, studying the condition that follows from ∂αH = 0 we find the pointlike
and giant graviton solutions.
3.6 Giant gravitons: field theory operators
As usual, the field theory operators corresponding to the giant gravitons are subde-
terminants, of the type
ǫa1...akak+1...aN ǫ
b1...bkak+1...aN (Zb1
a1 ....Zbk
ak) , (3.88)
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or with W and T replacing any of the Z fields. More generally, the operators are
Schur polynomials for some complicated reprentation of the symmetry group.
-For the D2-brane wrapping S2 ⊂ CP2, the fields inside the bracket are Z’s and
W ’s in an SU(2) invariant combination, forming representations of SU(2).
-For the D2-brane wrapping S2 ⊂ AdS4, we should replace the Z’s with DaZ’s,
where a corresponds to the two angles on Ω2, the spatial 2-sphere in AdS4. Again,
the combinations of DaZ’s should be in some representation of SU(2).
-For the D4-brane wrapping CP2, we should have all the Z,W, T inside the
bracket, transforming under SU(3) (the symmetry group of CP2), i.e. forming a
representation of this symmetry group.
3.7 Gauge coupling from wrapped brane
One can easily show that given a induced metric on a Dp-brane wrapping an n-cycle
Σn of the form,
ds2Dp = e
2Aηµνdx
µdxν + ds2Σ , (3.89)
the gauge coupling defined on the Minkowski worldvolume of the brane is
1
g2YM
= TDp(2πα
′)2
∫
Σ
dnξe(3+n−p)A−φ
√
det (G+B)ab (3.90)
where φ is the dilaton and Gab and Bab are the metric and the Kalb-Ramond field
along the n-cycle Σn.
In the GJV solution, we can wrap a probe D4-brane on a 2-cycle parametrized
by (θ, φ) at λ = 0. In this case, the (3 dimensional) gauge coupling of the probe is
given by
1
g2YM
=
∆3/2Ξe−φ/4
4πα′3/2
1
y
∼ (N
2k)
1/3
y
=
N
λ1/3
1
y
, (3.91)
where we have used the AdS4 coordinate system ds
2
AdS4 = (dy
2 + ηµνdx
µdxν) /y2.
We observe that, as expected, the probe gauge coupling is now given by the
curvature in string units as ∝ λ1/6.
4 Strings in the geometry
4.1 Wilson loops
Despite the fact that the Yang-Mills gauge coupling is dimensionful in three di-
mensions, and that we are studying the gravity dual of a conformal field theory,
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Wilson loops are interesting observables to consider. Using the standard prescrip-
tion of [42,43,51] in the metric background (2.1a), we consider a string configuration
that consists of an open string with its endpoints attached to the AdS4 boundary,
u→∞, at the points x = 0 and x = Lqq¯, and that extends into the bulk and reaches
a minimum radial coordinate u0 exactly at x = Lqq¯/2.
The ansatz for this configuration is given by t = τ , x = x(σ) and u = u(σ), so
that the Nambu-Goto action is
S =
L2string
2πα′
∫
dτdσ
√
u4x′2 + u′2 (4.1)
where the prime denotes derivative with relation to σ. From the equations of motion
for this system we have
du
dx
= −u
2
u20
√
u4 − u40 for x <
Lqq¯
2
(4.2)
du
dx
= +
u2
u20
√
u4 − u40 for x >
Lqq¯
2
. (4.3)
Using these equations, we can determined that the quark-antiquark distance is given
by
Lqq¯ =
2
u0
∫ ∞
1
dy
1
y2
√
y4 − 1 =
1
u0
(2π)3/2
Γ(1/4)2
. (4.4)
where y = u/u0.
Furthermore, if we replace this solution, the quark-antiquark potential diverges,
so that we renormalize this system by removing the mass of two W -bosons, that
consists of two strings stretching from the boundary into the bulk of the AdS space.
Therefore, we find that the potential is given by
Eqq¯ = − (2π)
2
Γ(1/4)4
L2string
α′Lqq¯
, (4.5)
which is similar to the result of [42]. It still has the conformal form ∝ 1/Lqq¯, but
there is an interesting difference when we write it in terms of the ’t Hooft coupling
λ. In the AdS5 × S5 case one obtains a quark-antiquark potential that behaves as
the square root of the ’t Hooft coupling, Eqq¯ ∼
√
λ/Lqq¯, but in our case, since the
’t Hooft coupling is λ = N/k (see also [28, 35]), we have the one third power of the
coupling,
Eqq¯ = − 2
13/6π3
32/3Γ(1/4)4
√
5 + cos 2αλ1/3
Lqq¯
∼ λ
1/3
Lqq¯
. (4.6)
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4.2 Operators of large spin
Strings rotating around the circle S2 ∈ AdS4 in global coordinates will be dual to
high spin operators [52], and the anomalous dimension of these operators in SYM is
generically
E − S = f(λ) lnS . (4.7)
We take the AdS4 metric as
ds2AdS4 = − cosh2 ρdt + dρ2 + sinh2 ρ(dϑ2 + sin2 ϑdϕ2) (4.8)
and we consider that the string is at the equator of S2, ϑ = π/2 and
t = τ , ρ = ρ(σ) , ϕ = ωτ . (4.9)
The Nambu-Goto action is then
SNG = −
4L2string
2πα′
∫ ρ0
0
dρ
√
cosh2 ρ− sinh2 ρϕ˙2 (4.10)
and the 4 comes from the fact that the closed string forms a loop that consists of two
parallel segments, and spins as a rigid rod around its center at ρ = 0 and extends to
ρ0, determined by ω
2 = coth2 ρ0 [52]. Similarly, the string energy and spin are
E =
4L2string
2πα′
∫ ρ0
0
dρ
cosh2 ρ√
cosh2 ρ− sinh2 ρω2
(4.11)
S =
4L2string
2πα′
∫ ρ0
0
dρ
ω sinh2 ρ√
cosh2 ρ− sinh2 ρω2
, (4.12)
respectively.
Consider now that the string length is much larger than the AdS4 radius, L ∼
Lstring, then S >> L
2
string, and it corresponds to the limit ω → 1. Taking ω ≈ 1+2η
for η << 1, one can easily obtain 2ρ0 = ln(1/η) and
E =
L2string
2πα′
(1/η + ln(1/η) + · · · ) , S = L
2
string
2πα′
(1/η − ln(1/η) + · · · ) , (4.13)
so that the cusp anomalous dimension is found to be
f(λ) = L2string/πα
′ ∝ λ1/3 , (4.14)
and the proportionality constants are easily obtained from (2.11). Note that, in
contrast to [2, 52], the anomalous cusp dimensional scales as λ1/3 instead of λ1/2.
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5 Entanglement entropy
The metric of the GJV solution (2.1a) has the form of a warped, squashed AdS4×S6.
Because of this, it is worth to consider the calculation of the holographic entangle-
ment entropy, acording to the prescription of Ryu and Takayanagi [53], extended by
Klebanov, Kutasov and Murugan to more general gravity duals in [54].
We consider a d+2 dimensional gravity dual, with a d+1 dimensional quantum
field theory at its boundary, and we want to compute the entanglement resulting
from introducing a closed d − 1 dimensional spatial surface ∂A that separates the
spatial region A from the rest of d dimensional space (at constant time). Consider
then the d dimensional spatial surface γ in the gravity dual that ends on the same
boundary surface, ∂γ = ∂A. Then the holographic entanglement entropy is given by
SA =
1
4G
(d+2)
N
∫
γ
ddσ
√
G
(d)
ind. (5.1)
For a 10 dimensional metric, moreover in the presence of a nontrivial dilaton field φ,
we have instead
SA =
1
4G
(10)
N
∫
γ
d8σe−2φ
√
G
(8)
ind. (5.2)
Here Gind is the induced string frame metric on the surface γ.
The string frame metric ds2string = e
φ/2ds2E for the GJV solution, (2.1a), is
ds2string = L
2eφ0/2(5 + cosα)1/2
[
ds2(AdS4) +
3
2
dα2 + Ξds2
CP
2 + Ωη2
]
, (5.3)
which can be put in the form
ds2string = A(z)[ds
2
(AdS4) + dz
2] + gij(z)dθ
idθj
= A(z)
[
dy2 − dt2 + dx21 + dx22
y2
+ dz2
]
+ gij(z, ...)dθ
idθj , (5.4)
where z = α
√
3/2 and A(z) = L2eφ0/2(5 + cosα)1/2.
This type of metric is somewhat more general than metrics considered before, for
instance than in [54].
Consider the region A to be the interval (−l, l) in one of the spatial directions,
called x, times the full space in the others, so that ∂A are the two endpoins of the
interval, times the full space in the other directions. The surface γ in the gravity
dual is then a curve y(x) with boundary conditions y(−l) = 0 = y(l), where y is the
radial coordinate of AdS. This is the same as in the simple AdSd+2/CFTd+1 case. In
our AdS4 case, d = 2, and we can take x1 = x, x2 being trivial, but the discussion is
more general than this d = 2 case.
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The induced metric on γ (with y = y(x)) is then in this more general case (with
d− 1 coordinates ~x and one x)
ds2string = A(z)
[
dx2(1 + y′2) + d~x2
y2
+ dz2
]
+ gij(z, ...)dθ
idθj . (5.5)
Denoting
Vint(z) ≡ dD−d−3θ
∫ √
det gij , (5.6)
the entanglement entropy of the interval becomes
SA =
1
4G
(10)
N
∫
dd−1~x
∫
dz
∫ l
−l
dxe−2φVint(z)y(x)−dA(z)
d+1
2
=
{
1
4G
(10)
N
[∫
dze−2φ(z)Vint(z)A(z)
d+1
2
]}∫
dd−1~x
∫ +l
−l
dx y(x)−d
√
1 + (y′(x))2.
(5.7)
The square brackets offer a constant renormalization of G
(10)
N , but otherwise the
result is the same as for AdSd+2 = AdS4. The same profile for y(x) is obtained, and
the same final result for the entanglement entropy as a function of l.
6 Giant magnons
We now turn to some large string theory objects, specifically giant magnons, that
come from long (macroscopic) strings in the gravity dual, and correspond in the
gauge theory to spin chain states of large momentum.
6.1 Gravity calculation
6.1.1 Review of AdS5 × S5 giant magnons
The giant magnons were defined by Hofman and Maldacena in [55]. Since the regular
magnons (spin excitations) correspond to quantum states of the string on the pp
wave, obtained as a Penrose limit of the gravity dual, giant magnons corespond to
classical, i.e. long, strings in the gravity dual. Specifically, since we look for giant
magnons in the SU(2) = SO(3) sector of the field theory (made up from two complex
scalars Z andW ), in the gravity dual the motion of the strings is restricted to Rt×S2.
The spatial S2 is embedded in the S5 of AdS5 × S5 as
ds2S5 = sin
2 θdφ2 + dθ2 + cos2 θdΩ23 , (6.1)
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by dΩ3 = 0. We consider the gauge t = τ , φ− t = φ′ ≡ σ, where (τ, σ) are the string
worldsheet coordinates. Then the induced metric on the string worldsheet is
ds2induced = −dτ 2 −
ds2S5
dτ 2
dτ 2 +
ds2S5
dσ2
dσ2 + 2dσdτ
ds2S5
dτ dσ
= − cos2 θdτ 2 + (sin2 θ + θ′2)dσ2 + 2 sin2 θdσ dτ. (6.2)
Then the string action is, for R2/(2πα′) =
√
λ,
S =
√
λ
2π
∫
dσ dτ
√− det gab,induced
=
√
λ
2π
∫
dt
∫
dφ′
√
cos2 θθ′2 + sin2 θ , (6.3)
and its (integrated) equation of motion is
sin θ =
sin θ0
cos φ′
, (6.4)
and θ0 is an integration constant, such that φ
′ ∈ [−(π/2− θ0),+(π/2− θ0)]. This is
a string that rotates around S2 ∈ S5, while describing an arc that starts and ends
on the Equator, with an angle ∆φ = ∆φ′ = 2(π/2− θ0) between the enpoints.
The (lightcone) energy of the string is
ǫ = E − J =
√
λ
π
∣∣∣sin p
2
∣∣∣ . (6.5)
6.1.2 Giant magnons in the gravity dual
In the GJV gravity dual, we could consider various giant magnon solutions (spinning
classical strings). But here we are interested simply in embedding the simple SU(2)-
invariant giant magnons from the AdS5 × S5 case in the present context. For that,
it suffices to find an S2 fiber inside the metric (2.1a).
We can write the CP2 metric as (see (A.6))
ds2
CP
2 = dλ2 +
1
4
sin2 λ(Σ21 + Σ
2
2 + cos
2 λΣ23) , (6.6)
where the left-invariant one-forms are
Σ1 = − sin σdθ + cosσ sin θdφ
Σ2 = cosσdθ + sin σ sin θdφ
Σ3 = dσ + cos θdφ. (6.7)
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Here λ ∈ [0, π/2], σ ∈ [0, 4π], θ ∈ [0, π] and φ ∈ [0, 2π]. Note that
Σ21 + Σ
2
2 = dθ
2 + sin2 θdφ2 , (6.8)
so this combination forms an S2.
We then have two obvious possibilities for S2 embedding:
-λ = π/2, θ = θ0, which gives (the range for θ and φ is also correct)
ds2
CP
2 → 1
4
(dθ2 + sin2 θdφ2) =
1
4
ds2S2. (6.9)
-σ = σ0, φ = φ0, which gives
ds2
CP
2 → (dλ2 + sin2 λ(d(θ/2))2 , (6.10)
however with the range θ/2 ∈ [0, π/2], λ ∈ [0, π/2]. Since for the giant magnon
solution we would need θ/2 to be in [0, 2π], we could extend the domain by symmetry
(the metric is unchanged for the extension).
In the gravity dual, the action will be proportional to
L2string
2πα′
∝
(
N
k
)1/3
=
√
λ2/3 , (6.11)
so we would obtain a giant magnon energy of
ǫ = E − J ∝
√
λ2/3
∣∣∣sin p
2
∣∣∣ . (6.12)
6.2 Field theory
As we saw, the dual field theory has 3 complex scalars in chiral multiplets, trans-
forming under SU(3), Z,W, T . For the giant magnons, we want to consider an SU(2)
(=SO(3)) sector, that corresponds to the motion on the S2 with the same symmetry.
We choose Z and another scalar Ψ to be the fields transforming under it.
We consider a spin chain formed from Z and Ψ in the ”dilute gas approximation”,
where the states are formed mostly from Z’s, with just a few W excitations, similar
to the BMN construction in 3+1 dimensions [56]. As there, the ground state is
|0, p+〉 = 1√
JNJ/2
Tr [ZJ ]. (6.13)
We consider a few excitations made by inserting in the l’th position Ψe
2piinl
J inside
the trace. Considering {W,T} = {Φm}, m = 1, 2, we obtain a priori different spin
chains for the Ψ insertion being Φm, Φ¯m or Z¯.
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Similarly to the case of 3+1 dimensional N = 4 SYM, described in Appendix A of
[49], but more similar to the ABJM case of the same paper, we obtain a Hamiltonian
with eigenenergies of
ǫ(p) =
√
1 +
fa(λ)
π2
sin2
p
2
, (6.14)
where p = 2πn/J is the momentum of the giant magnon, and fa(λ) is a function that
changes its form depending on the Ψ insertion, (Φm, Φ¯m, Z¯). For a regular magnon
with n ∼ 1, and in the limit λ/J2 = finite (as λ, J →∞) we would have
ǫ(p) ∼
√
1 +
fa(λ)n2
J2
, (6.15)
which is the result in the BMN limit, corresponding to the Penrose limit. But if we
take instead the limit λ fixed and large, p ∼ 1, we get
ǫ(p) =
√
fa(λ)
π
∣∣∣sin p
2
∣∣∣ , (6.16)
and from the giant magnon solution in the gravity dual (6.12), we expect fa(λ) ∝
λ2/3.
6.2.1 Hamiltonian and diagonalization
We reproduce some of the steps in Appendix A of [49], that give the energies above.
The introduction of the various fields inside the trace (which gives a cyclic ordering)
can be described by the introduction of Cuntz oscillators ai, i = 1, ..., J acting on a
vacuum, i.e. something like a†...a†b†...a†|0〉, where a and b correspond to Z and W ,
respectively. The Cuntz oscillators satisfy
aia
†
j = δij ;
∑
i
a†iai = 1− |0〉〈0|; ai|0〉 = 0. (6.17)
If we only have a few ”impurities” W inside the trace, we can switch to a description
in terms of independent Cuntz oscillators b†j at each site, satisfying
bib
†
i = 1; b
†
ibi = 1− (|0〉〈0|)i; bi|0〉i = 0 , (6.18)
and
[bi, bj] = [b
†
i , bj ] = [b
†
i , b
†
j ] = 0, ∀i 6= j. (6.19)
Defining the Fourier modes bn by
bj =
1√
J
J∑
n=1
e
2piijn
J bn , (6.20)
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and acting only on states in the dilute gas approximation, i.e.
|ψ{ni}〉 = |0〉1...|ni1〉i1...|nik〉ik ...|0〉J , (6.21)
one obtains the commutation relations
[bn, b
†
m]|ψ{ni}〉 =
(
δnm − 1
J
∑
k
e
2piiik(m−n)
J
)
|ψ{ni}〉; [bn, bm] = [b†n, b†m] = 0 , (6.22)
so, up to 1/J corrections, the usual oscillator commutation relations.
The interaction term in the Lagrangean in 2+1 dimensions is
Lint = −4π
2
k2
Tr
(
[[Φ¯i, Φ¯j , Φ¯k][[Φ¯j ,Φj],Φk]
)
, (6.23)
but where in the IR we must impose [Φi,Φj ] = 0 from the superpotential term, and
it becomes equivalent, under the definition of the discretized field φj = (bj + b
†
j)/
√
2,
to (λ = N/k)
−2λ2
∑
j
(φj − φj+1)2. (6.24)
Then the total Hamiltonian acting on the states created by Cuntz oscillators, includ-
ing a free part, is found to be
H =
J∑
j=1
bjb
†
j + b
†
jbj
2
+ λ2
J∑
j=1
(bj+1 + b
†
j+1)(bj + b
†
j)− (bj + b†j)2 , (6.25)
where λ = g2YMN . This Hamiltonian can be diagonalized by the redefinition
bn =
cn,1 + cn,2√
2
; bJ−n =
cn,1 − cn,2√
2
, (6.26)
followed by the Bogoliubov transformation
c˜n,1 = ancn1 + bnc
†
n,1
c˜n,2 = ancn1 − bnc†n,1
an =
(1 + αn)
1/4 + (1 + αn)
−1/4
2
bn =
(1 + αn)
1/4 − (1 + αn)−1/4
2
αn = λ
2(cos(2πn/J)− 1) = −2λ2 sin2 πn
J
, (6.27)
leading finally to
H =
J/2∑
n=1
ωn
[
c˜†n,1c˜n,1 + c˜n,1c˜
†
n,1
2
+
c˜†n,2c˜n,2 + c˜n,2c˜
†
n,2
2
]
, (6.28)
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where
ωn =
√
1 + 4|αn| =
√
1 + 8λ2 sin2
πn
J
. (6.29)
In this section we have studied giant magnons, but an obvious question is what
happens with regular magnons. They will give the usual pp wave (Penrose) limit of
the gravity dual. This limit will be studied further in [57].
7 Conclusions
In this paper we have studied various observables for the GJV duality between the
warped, squashed AdS4 × S6 background and the 3 dimensional N = 2 SYM-CS
theory at level k at the fixed point.
We have found that static wrapped D-branes give baryon vertices. At zero mag-
netic flux, we have D0-brane and D6-brane baryons, as well as their bound states,
and they present evidence for the existence of a level-rank duality: besides the baryon
vertex for N quarks we also have a baryon vertex for k quarks, and their masses are
proportional to N and k, respectively, other than the λ1/6 piece. At nonzero mag-
netic flux, we have some interesting new baryon vertices that depend on the flux N .
Brane probes give a gauge coupling proportional to λ1/6.
Moving wrapped D-branes give giant gravitons, and we have found that we can
have a D2-brane wrapped on CP1 or a D4-brane wrapped on CP2, both moving in
the transverse η (or ψ) direction. They correspond as usual to subdeterminant (or
more generally Schur polynomial) operators.
Entanglement entropy, calculated from the holographic prescription generalizing
the one of Ryu and Takayanagi, gives nothing new with respect to AdS space, other
than a renormalization of the Newton’s constant. Wilson loops and the anomalous
dimensions of operators of large spin are obtained from long strings in the dual, and
both are proportional to λ1/3.
Finally, giant magnons are found, also long strings in an S2 subspace of the
geometry, that correspond to spin chain operators in the field theory. Their Hamil-
tonian gives eigenergies consistent with the string calculation, and similar to the 4
dimensional SYM and ABJM cases.
The GJV duality has many more important issues to be studied. A novel one is
the level-rank duality discovered here. Others, like the Penrose limit, will be studied
elsewhere [57]. It seems like this is just the tip of an iceberg, that should see many
new developments in the near future.
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A Conventions
The metric of the space AdS4, normalized as R
AdS4
mn = −3gAdS4mn , is
ds2AdS4 =
du2
u2
+ u2dxµdxµ (A.1)
=
1
y2
(
dy2 + dxµdxµ
)
(A.2)
= −(1 + r2)dt2 + dr
2
1 + r2
+ r2dΩ22 . (A.3)
or in global coordinates
ds2AdS4 = − cosh2 ρdt2 + dρ2 + sinh2 ρdΩ22 , (A.4)
where dΩ22 = dϑ
2+sin2 ϑdϕ2 with ϑ ∈ [0, π] and ϕ ∈ [0, 2π], defines a two sphere S2.
In addition, the metric of the complex projective space CP2, normalized in such
a way that RCP
2
mn = 6g
CP
2
mn , see [49, 58], is
ds2
CP
2 = dλ2 +
1
4
sin2 λ
{
dθ2 + sin2 θdφ2 + cos2 λ(dσ + cos θdφ)2
}
(A.5)
= dλ2 +
1
4
sin2 λ
{
Σ21 + Σ
2
2 + cos
2 λ Σ23
}
(A.6)
where 0 ≤ 2λ, θ, φ/2, σ/4 ≤ π. In this coordinate system, the Ka¨hler potential can
be written as
ω =
sin2 λ
2
(dσ + cos θdφ) , (A.7)
with Ka¨hler-form J = 1
2
dω and volume form vol(CP2) = i
2
2
J ∧ J and the volume
of CP2 is
∫
vol(CP2) = π
2
2
. Since, for fixed σ and λ = π/2 we have a CP1 then∫
CP
1
J = −π and
∫
CP
2
J ∧ J = −π2 . (A.8)
Finally, it will be useful to consider the SU(2) symmetry of this metric. Then,
we can write the metric in terms of the Maurer-Cartan forms of the group SU(2)
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given by
L1 =
1√
2
(− sin σdθ + cos σ sin θdφ) ≡ 1√
2
Σ1
L2 =
1√
2
(cosσdθ + sin σ sin θdφ) ≡ 1√
2
Σ2 (A.9)
L3 =
1√
2
(dσ + cos θdφ) ≡ 1√
2
Σ3.
that satisfies dLi = ǫ
ijk√
2
Lj ∧ Lk and Σ1 ∧ Σ2 ∧ Σ3 = sin θdθ ∧ dσ ∧ dφ.
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